Let k, n ≥ 2 be integers. A generalized Fermat curve of type (k, n) is a compact Riemann surface S that admits a subgroup of conformal automorphisms H ≤ Aut(S) isomorphic to Z n k , such that the quotient surface S/H is biholomorphic to the Riemann sphereĈ and has n + 1 branch points, each one of order k. It is known an algebraic model for these objects, which make them easier to study. Using tools from algebraic topology and integration theory on Riemann surfaces, we find a generating set for the first homology group of a generalized Fermat curve. Finally, with this information, we find a generating set for the period lattice of the asociated Jacobian variety.
Introduction
The Jacobian variety JS of a compact Riemann surface S of genus g ≥ 1 is isomorphic to a complex torus of dimension g, i.e. a quotient C g /Λ, where Λ ⊂ C g is the period lattice ( Λ ∼ = Z 2g ) of S that depends of the analytical and algebraic-topological structure of S. The importance of JS is due to Torelli's theorem, which states that the principally polarized abelian variety JS determines the Riemann surface S up to biholomorphism. Thus, if the Jacobian variety is in the form C g /Λ , the period lattice Λ determines S. However, to find an explicit form for the period lattice of a particular compact Riemann surface is a difficult task and there is no a standard method to describe it.
We restrict to an interesting families of compact Riemann surfaces called generalized Fermat curves of type (k, n), where k, n ≥ 2 are integers. In [2] it was noticed that this Riemann surfaces can be described as a suitable fiber product of (n − 1) classical Fermat curves of degree k. In this paper we find a generating set for the period lattice of a generalized Fermat curve, based on the work of Rohrlich [1] who found a generating set for the period lattice of the classical Fermat curve of degree k ≥ 4.
Preliminaries

The Jacobian variety
Let S be a compact Riemann surface of genus g ≥ 1. Its first homology group H 1 (S, Z) is isomorphic, as a Z-module, to Z 2g and the complex vector space H 1,0 (S) of its holomorphic 1-forms is isomorphic to C g . There is a natural Z-linear injective map
is called the Jacobian variety of S. It is a fact that JS allows a principal polarization defined by a hermitian form on
If {ω 1 , . . . , ω g } is a basis for H 1,0 (S), we have the isomorphism (H 1,0 (S)) * ∼ = C g and if {γ 1 , ..., γ m } is a finite generating set for H 1 (S, Z), then we can see ι(H 1 (S, Z)) in C g as the lattice Λ generated by the collection
The lattice generated by the C i 's is called the period lattice of S and in the case m = 2g, the rank of H 1 (S, Z), we can find the Riemann matrix of S which allow us to study JS as a polarized Abelian variety.
Generalized Fermat curves
Let k, n ≥ 2 be integers. A compact Riemann surface S is called a generalized Fermat curve of type (k, n) if it admits a subgroup of conformal automorphism H ≤ Aut(S) isomorphic to Z n k , such that the quotient surface S/H is biholomorphic to the Riemann sphereĈ and has n + 1 branch points, each one of order k. In this case the subgroup H is called a generalized Fermat group of type (k, n) and the pair (S, H) is called a generalized pair of type (k, n). As a consequence of Riemann-Hurwitz formula, the genus g k,n of a generalized Fermat curve of type (k, n) is
We say that two generalized Fermat pairs (S 1 , H 1 ) and (S 2 , H 2 ) are holomorphically equivalent if there exists a biholomorphism f :
From [5] we know that the Fermat curve of degree k ≥ 2 given by
= 0} has a subgroup of conformal automorphism isomorphic to Z 2 k where the quotient surface is biholomorphic to the Riemann sphere with three branch points given by ∞, 0, 1. Thus the classical Fermat curves are generalized Fermat curves of type (k, 2).
We notice that if g k,n ≤ 1, then (k, n) ∈ {(2, 2), (2, 3), (3, 2)}. Therefore the non-hyperbolic generalized Fermat pairs are the following ones
, where Λ e 2πi/3 = z → z + 1, z → z + e 2πi/3 and H = A(z) = e 2πi/3 z, B(z) = z + (2 + e 2πi/3 )/3 . We notice that this surface correspond to the Fermat curve of degreee 3 with equation
In this case correspond to the algebraic curve
Now we concentrate our attention on the hypebolic case, i.e. g k,n ≥ 2. Let (S, H) be a generalized Fermat pair of type (k, n) and, up to a Moebius transformation, let {∞, 0, 1, λ 1 , λ 2 , ..., λ n−2 } be the branch points of the quotient S/H. Let us consider the following fiber product of n − 1 classical Fermat curves
Since the values λ i are pairwise different and each one is different from 0 and 1, the algebraic curve C k (λ 1 , ..., λ n−2 ) is a non-singular projective algebraic curve, then a compact Riemann surface.
On C k (λ 1 , ..., λ n−2 ) we have the abelian group H 0 ∼ = Z n k of conformal automorphism generated by the maps
where ζ = e 2πi/k . Let us consider the holomorphic map of degree k
Furthermore, the map π has n + 1 branch points given by the set
is a generalized Fermat curve of type (k, n) with generalized Fermat group H 0 ; whose standard generators are a 1 , . . . , a n and a n+1 = (a 1 a 2 . . . a n ) −1 . Within the above notation the following hold Theorem 1. The generalized Fermat pairs (S, H) and (C k (λ 1 , ..., λ n−2 ), H 0 ) are holomorphically equivalent.
Proof. This was proved in [2] .
On C k (λ 1 , ..., λ n−2 ) we have the following meromorphic maps
We consider the set
and define the meromorphic form
for each (r, α 3 , . . . , α n+1 ) ∈ I k,n . In [3] was proved the following Theorem 2. Within the above notation 1. θ r,α3,...,αn+1 is holomorphic for every (r, α 3 . . . , α n+1 ) ∈ I k,n 2. #I k,n = g k,n 3. The collection {θ r,α3,...,αn+1 } (r,α3,...,αn+1)∈I k,n is a basis for the space
For simplicity, in the rest of this paper we write C k,n instead of C k (λ 1 , ..., λ n−2 ).
The logarithm symbol on the punctured plane
Let R ⊂ C a finite subset with 0 ∈ R and |R| ≥ 2, then we consider a universal covering of C − R given by
We know that p is holomorphic and for each r i ∈ R we have the family of holomorphic functions p i = p − r i each one no vanishing on U , so there exists a determination of log p i such that exp(log p i ) = p i .
Let Deck(p) be the group of covering transformations of p. Then for every φ ∈ Deck(p) the function
on U is identically an integer. This integer is independent of the choice of log p i and we denote it by L(p i , φ).
for every φ, ψ ∈ Deck(p). Furthermore, it is not difficult to observe to observe the following.
Then for every φ ∈ Deck(p) we have
where ζ = exp(2πi/k).
Since Deck(p) is isomorphic to the fundamental group π 1 (C − R) which is a free group generated by |R| elements γ 1 , . . . , γ |R| each one homotopic to a circle of small radius and center in each r i ∈ R with index one, then we consider the generators φ i ∈ Deck(p) asociated to each γ i and we have for an arbitrary u ∈ U :
where δ ij is the usual Kronecker delta.
For general aspects of the Logarithm symbol on Riemann surfaces, see [4] .
3 Generating set for the period lattice of C k,n
Consider the generalized Fermat curve of type (k, n) with (n − 1)(k − 1) > 2:
and the set of n + 1 branch points R ∞ = {r 1 = ∞, r 2 = 0, r 3 = 1, r 4 = λ 1 , . . . , r n+1 = λ n−2 }.
Finite generator set for
Let U be a universal covering of C − R given by p : U → C − R where R = R ∞ \ {∞} and p is holomorphic. We have the set of holomorphic functions
We notice that each p i is holomorphic and non vanishing on U . So for each p i there exists a k-root denoted byx i which satisfiesx
for each φ ∈ Deck(p). From the above it is not difficult to observe the following fact. Lemma 4. The subgroup of Deck(p) which leave invariant eachx i is
Now we consider the punctured Riemann surface C k.n = C k,n − π −1 (R ∞ ). The following holds.
is an universal covering for C k,n with Deck(q) = Deck(p) k .
Proof. Since r i +x 2
Let a ∈ C k,n and assume a = [1, a 2 , ..., a n+1 ] with a i = 0. If q(u) = a, thenx i (u) = a i for each i and
The map p is epijective, then there exists u ∈ U such that p(u) = −a k 2 andx 2 (u) = ζ j2 a 2 for some j 2 integer. Since a
and we get q(φ(u)) = a, therefore q is epijective.
Finally, if u, v ∈ q −1 (p) with p ∈ C k,n , then v = φ(u) for some φ ∈ Deck(p). Now, as
Lemma 6. We have the following isomorphism
Proof. Considering the epijective homomorphism (p 3 , φ) , . . . , L(p n+1 , φ)) mod k with kernel Deck(q), we get the result.
For simplicity on the indexation, we denote φ 2 , . . . , φ n+1 for the n generators of Deck(p) with 
then the first homology group of C k,n
is generated by the classes of the elements
with 2 ≤ j < l ≤ n + 1 and g d ≥ 0 integers.
Proof. Since Deck(q) is generated by φ
with γ ∈ Deck(p) and 1 ≤ j < l ≤ n. We have Deck(p)/Deck(q) = Z n k , then there exists k n classes Deck(q)ρ with ρ ∈ Deck(p), thus γ is equal to a product σρ with ρ ∈ Deck(p) a representative element and σ ∈ Deck(q).
We have a collection of k n classes given by
as a product of elements in Deck(q) and quotienting by [Deck(q), Deck(q)], the product commute cancelling the σ's.
Since the inclusion C k,n → C k.n induce an epijective homomorphisms between the homology groups, we have Corollary 9. A generating set for H 1 (C k,n , Z) is the image of the generators of
We summarize the maps used in the following diagram
Computing periods
Let φ ∈ Deck(p) and fix u ∈ U , we denote by l φ the curve from u to φ(u) on U . So a generator set for H 1 (C k,n , Z) are the homology classes of the curves i • q(l φ ) for each φ of the form
Thus to find an explicit generator set for the period lattice of C k,n we need to calculate
Lemma 10. We have the following relations for induced pullbacks over the generators of
for each φ ∈ Deck(p). Where ζ = e 2πi/k .
Proof. The first result follows from observe thatx i = y i • q for each i. The second follows from lemma 3 in the section 2.3.
Let φ 2 , ..., φ n+1 be the generators for Deck(p) with L(p i , φ j ) = δ ij , then we denote by
We observe that
Moreover, since U is a simply connected domain we have for φ, ψ ∈ Deck(p) and ω ∈ H 1,0 (U ) the following
Lemma 11. For each φ We conclude that the homology class for each φ k i is null in H(C k,n , Z), then the problem has been reduced to compute the integrals for
Proof. From lemma 10 and observing that [φ j , φ l ] ∈ Deck(q) leaves q invariant, it follows
Lemma 13. For each j, l ∈ {2, ..., n + 1}
Proof. Again from lemma 10 we have
Finally we reduced the problem to compute φiu u q * θ r,α3,...,αn+1 for 2 ≤ i ≤ n + 1 Lemma 14. If we put z 0 = p(u), then for each i ∈ {2, ..., n + 1} we have
Proof. Since −x 2 k = p and making a change of variable w = −x 2 k , we obtain
where γ i is the projection by p of the curve from u to φ i (u), i.e. γ i is an element of π 1 (Ĉ − R, z 0 ) with index one and surrounding r i .
Let γ 2 be the closed curve around r 2 = 0. Choose t 0 ∈ [0, 1) such that z 0 = e 2πt0 , we consider the circle with center in 0 and radius > 0 given by β (t) = e 2πi(t+t0) . Let β be the line from z 0 to z ∈ β ∩ z 0 , 0. Thus γ 1 is homotopic to β + β − e 2πi β, where the factor e 2πi is due to the continuation of the argument through the critic line (−∞, 0], as we see in the figure. (w − r t ) −αt/k dw Finally for γ i with i ≥ 3 is analogous to the above, making a change of variable.
From lemma 13 we obtain Theorem 16. For generalized Fermat curve C k,n , its first homology group H 1 (C k,n , Z) is a Z[H 0 ]-module generated by the element κ l j for each j < l ∈ {2, ..., n + 1} and H 0 ∼ = Z n k the automorphism group generated by a 2 , ..., a n+1 .
